Abstract: Novel approaches for generating and comparing flexible (non-rigid) molecular surface meshes are developed. The mesh-generating method is fast and memory-efficient. The resulting meshes are smooth and accurate, and possess high mesh quality. An isometric-invariant shape descriptor based on the LaplaceBeltrami operator is then explored for mesh comparing. The new shape descriptor is more powerful in discriminating different surface shapes but rely only on a small set of signature values. The shape descriptor is applied to shape comparison between molecules with deformed structures. The proposed methods are implemented into a program that can be used as a stand-alone software tool or as a plug-in to other existing molecular modeling tools. Particularly, the code is encapsulated into a software toolkit with a user-friendly graphical interface developed by the authors.
Introduction
The three-dimensional (3D) structure of a molecule plays a crucial role in the molecule's functions and has been widely used for a variety of applications including computer-aided drug design, molecular docking, and molecular function prediction [1, 3, 14, 41] . Compared to the conventional sequence-based database search methods, 3D structural information provides an alternative and more direct way of predicting the functions of new proteins in the protein data bank (PDB) [15, 16, 33, 40] . While such structures as atoms, residues and secondary structures of a molecule may be considered in some of the aforementioned applications [13, 22, 25, 47] , techniques using molecular surface shapes have become increasingly popular in recent years [19, 32, 38] . The shape of a molecule is often described in one of several types: van der Waals surface (vdWS), solvent accessible surface (SAS) and solvent excluded surface (SES). The most often used in molecular shape analysis, visualization and simulation is the solvent excluded surface, also known as the molecular surface or Connolly surface [8] , which can be constructed in various ways [6, 9, 34] . From the biological point of view, molecular surfaces can be used for shape comparison, which constitutes the themes of the proposed work.
The shape comparison has found great potentials in molecular database retrieval [2] , in which the shape of a query molecule is compared with each molecule in the database and the one with the highest similarity score is returned. In practice, however, direct comparison between two surface shapes is not efficient due to priori superposition/alignment and thus various types of shape descriptors have been developed in computational science [21, 23, 24, 36, 46] . In particular, several molecular shape descriptors are proposed [1, 2, 10, 12, 32] , but most of them treat molecules as rigid bodies. Two of the examples are the web-based 3D-SURFER software for protein shape-based retrieval employing 3D Zernike descriptors [32, 33] and another web-based software tool utilizing the light field shape descriptor [44] . These rigid-body approaches are rotation-invariant and do not require pre-registration between molecules. However, many molecules are structurally flexible and often undergo significant shape deformation. To this end, it is important to have a shape descriptor that is insensitive to molecular shape deformation but still powerful enough to discriminate molecules from different families. Studies in computational science have revealed a number of such descriptors, including diffusion distance [7] , shape-DNA [28] , global point signature [30] , and heat kernel signature [37] . A particular example of using such a shape descriptor in molecular shape comparison is described in [17] [18] [19] based on the inner distance shape signature (IDSS). This method and its associated software 3DMol-Navi are able to retrieve deformed molecules for a query molecule. Recent work in spectral methods based on the Laplace-Beltrami(LB) operator has opened a new door to isometric-invariant shape descriptors and found great success in human body and 3D face recognition [28, 30, 37] .
The main goals of this paper are to explore a novel use of the spectral methods [28, 30, 37] in flexible molecular shape comparison, which is robust to molecular shape deformation but still powerful enough to discriminate molecules from different families. To support these goals, a fast and reliable molecular surface mesh generator shall be developed in the current work. The present study is innovative in the following aspects. (1) A novel and low-cost (in time and memory) approach is proposed to generate smooth and high-quality molecular surface meshes. (2) Surface LB operators are developed by using smooth meshes of molecules in contrast to the voxel meshes as in many previous studies [18, 29] . The discriminative power of the proposed shape descriptor is innovatively enhanced by using discrete Fourier transforms.
The paper is organized as follows: In Section 2, we describe the algorithmic details of mesh generation and shape comparison for bio-molecules. Section 3 gives some experimental results, followed by a brief introduction to our software toolkit in Section 4. Finally, Section 5 concludes the paper. Fig. 1 (A-D) show four molecules taken from PDB: 1BPD, 2BPG, 2CJW, and 2CJW (domain A). The meshes are generated using a voxel-based method developed in our research group. Fig. 1 (E) shows the first 100 eigenvalues of the LB operator defined on the four molecular surfaces in (A-D). The normalized eigenvalues (ShapeDNA) are illustrated in Fig. 1 (F) . A straight line of slope 4π [29] is fitted into each curve in (F) using least squares algorithm and the differences between the fitted lines and the normalized curves are computed as shown in Fig. 1 (G) . The discrete Fourier transforms (DFT) of the four curves in (G) are obtained and the magnitude of the DFT coefficients are used as the new "shape signature" of each molecular surface, as shown in Fig. 1 (H) . Note that how the low frequencies (near the center of the curves) capture the similarity and dissimilarity between the four molecules. Fig. 1 (I) demonstrates the capability of the tetrahedral mesh generator developed in the our group.
Methods

Overview of the mesh generation and shape description approaches
Molecular Surface Generation
Molecular surfaces have been widely used for visualization and simulation of biochemical and biophysical properties of molecules. In the current work, molecular surfaces will be the basis of shape analysis. A molecule is composed of a number of atoms, each of which may be treated as a 3D "hard" sphere with a specific center and radius. There are several factors that need to be considered in judging the quality of a molecular mesh generator: (1) mesh smoothness (i.e., no noise), (2) mesh quality (i.e., no sharp angles), (3) mesh accuracy (i.e., close to a pre-defined molecular surface such as the Connolly surface), and (4) time and memory consumptions (especially critical for very large molecules or molecular complexes). Most existing approaches take into consideration only one or some of these criteria. The method described below is intended to achieve all these goals.
The molecule being considered is first embedded into a background mesh consisting of I * J * K uniform cubic cells (or voxels), where I, J and K are the numbers of voxels in the x, y and z directions respectively, which determine the resolution (node density) of the final mesh. Being represented by a "hard" sphere, each atom claims a region of influence in the background mesh. A simple approximation is by representing the region of influence with voxels and the union of all atoms is hence the union of all these voxels [45] . The resulting voxel-like surface meshes need to be smoothed, as shown in Fig. 1 approach is the accuracy of the generated surface due to the voxel approximation.
(A-D). Another drawback of this
Instead of the voxel approximation, a sphere can be more accurately represented by a number of line segments as the intersections of the sphere with the lines L j,k (j = 0, 1, ...J − 1, k = 0, 1, ...K − 1) starting from each pixel on the y − z plane and aligned in the x-axis (see Fig. 2 for a 2D example). Each line segment is precisely described by a pair of float-type end points. When multiple atoms are considered, the line segments of two spheres on each line L j,k are either merged or linked. For example, the three segments (in red, green and purple) can be merged into a single segment from P to Q as shown in Fig. 2 . Another example is the segments from A to B and from C to D. The two non-overlapping segments are on the same line along the x-axis and hence a link (the arrow in red) is created to connect one segment to the other to form a list. Details on how a list of line segments are represented, constructed, stored and merged can be found in [45, 50] . After all atoms of a molecule are considered, lists of non-overlapping segments are generated, with each list corresponding to a pixel (j, k) on the y-z plane. Note that the end points of all the above line segments precisely define the intersections between the van der Waals surface of the molecule with all the lines L j,k corresponding to the pixels (j, k) on the y − z plane. In order to apply the marching cube method [20] to construct a surface mesh, we need three sets of intersection points between the molecular surface and the lines along the x-axis, y-axis and z-axis respectively. For that reason, we also consider the lines L i,j (i = 0, 1, ...I − 1, j = 0, 1, ...J − 1) along the z-axis with each line corresponding to a pixel on the x − y plane, and the lines L i,k (i = 0, 1, ...I − 1, k = 0, 1, ...K − 1) along the y-axis with each line corresponding to a pixel on the x − z plane. These lines intersect with the atoms (spheres) of the molecule, yielding two more sets of intersection points between the molecular surface and the lines along the y-axis and z-axis respectively. All the three sets of intersection points found above are used to construct the van der Waals surface by simply applying the marching cube method [20] .
With the same idea, the SAS of a molecule can be generated by considering an added radius of each atom with the radius of the probing sphere. Because the SES of a molecule is obtained by moving the SAS inwards by a distance equal to the radius of the probing sphere, one can first estimate the normal vector of each node on the SAS mesh and then relocate the node on the corresponding line (i.e., L i,j , L j,k or L i,k ). Alternatively, one can place a probing sphere on each node of the SAS mesh and shorten the corresponding line segments by excluding the portions lying inside the probing spheres. The end points of the modified line segments are then used to generate the SES mesh by the marching cube method. A simple analysis concludes that both time and memory consumptions of the list-based approach is O(I * J + J * K + I * K + N), where N is the number of nodes of the SAS mesh.
It is worth pointing out that the original marching cube algorithm [20] is able to produce smooth triangular meshes but very small angles often occur. To eliminate skinny triangles, a "snapping" scheme will be adopted. Specifically, for an intersection point P on an edge e of the background mesh, where the distance from P to the closer end point of e is less than a preset constant multiplied by the length of e, the corresponding end point is "snapped" to P and hence P becomes a lattice vertex in the background mesh. The original marching cube algorithm is then applied to the modified intersection points. As shown in our earlier work [39] , the "snapping" scheme can guarantee a lower-bound on the angles in the resulting meshes.
The approach outlined above can produce smooth and quality surface meshes, which approximate very well the "true" molecular surfaces. Thanks to the list data structure that sparsely represents a group of atoms, the algorithm is efficient not only in running time but also in memory consumption and thus is capable of handling very large molecules. The resulting surface meshes will then be used to generate adaptive and qualityguaranteed tetrahedral meshes by employing the tool recently developed in our lab [39] , as demonstrated in Fig. 1(I) .
Spectral Method for Molecular Shape Comparison
The Laplace-Beltrami operator on a manifold has become one of the most important operators in computer graphics and image processing. Thanks to its isometry-invariant property, this operator is often used for non-rigid shape comparison, retrieval, matching, and segmentation. The LB operator originates from the Helmholtz equation: ∆f = −λf , where ∆ is the Laplacian-Beltrami operator and defined as the divergence of the gradient the function f , and (λ, f ) are the eigenvalue and eigenfunction of the system. In many realworld applications, including the molecular shape modeling in the present study, the eigenfunction f is often approximated by a piecewise linear function over a triangular surface mesh with a set of vertices V = {p i , i = 1, 2, · · · , n}. By using linear element method, the eigenvalue problem of LB operator on a triangulated surface can be approximated by the following generalized eigenvalue problem [48] :
where
and
where t 1 and t 2 are the two triangles sharing the edge (i, j) connecting vertices p i and p j , |t i | is the area of the triangle t i , α ij and β ij are the angles opposite to the edge (i, j) in t 1 and t 2 respectively, and N(i) is the set of vertices adjacent to the vertex p i . The discrete eigenvalues in Equation (1) can be arranged in an increasing order: λ 1 ≤ λ 2 ≤ · · · λn. The first m eigenvalues are often chosen as the shape signature (or shapeDNA) of a given surface model, where m typically ranges from 10 to 500 [28, 29, 48] . Including more eigenvalues certainly helps the discriminatory power of the shape descriptor but inevitably increases the complexity of the shape search engine. How to choose a good number for m in a specific application still remains unclear.
In the current work, a new perspective of using the eigenvalues as a shape descriptor is described. As stated in [29] , the eigenvalues of a surface shape tend to lie on a straight line. If one measures and transforms the fluctuation of the eigenvalues relative to the corresponding line, we are able to enhance the "contrast" of shape descriptors between two surfaces. We define "contrasted shapeDNA" as the shapeDNA subtracted by the corresponding fitting straight line. After that, we compute the magnitude of discrete Fourier transform(DFT) of the contrasted shapeDNA and use much fewer DFT coefficients with most energy as the shape descriptor for the shape. The algorithm is briefly outlined below. As shown in Fig. 1 (E-H) , the DFT calculated in Step (4) possesses a nice property from a signal processing point of view: a majority of the signal's energy is distributed in low frequencies. It is thus possible to capture most information in the signal [λ
by using a small number of low frequencies. The DFT-based shape descriptor also allows for a convenient way to find the parameter m in Step (5) by simply specifying a percentage of energy (e.g., 90%) to be preserved in the reconstructed signal.
Note that the operation in
Step (3) above is based on a fitted line that is shape-dependent. As suggested in [29] , a common line with a slope of 4π may be considered for all surface shapes, making it possible to reconstruct the original eigenvalues from a small set of low frequencies with a decent accuracy. Another alternative is to project the eigenvalues perpendicularly onto a straight line instead of taking the subtraction vertically as in Fig. 1(G) . It will also be interesting to adopt a subset of the vectors [λ
Step (4) and see how a truncated signal influences the shape descriptor.
Results
To employ the shape descriptor in Algorithm 1 for molecular shape comparison, the triangular surface meshes of several molecules are generated using the approach described in section 2.2. The shape descriptors of each molecule are then calculated and used to score the shape similarity between every two molecules. To assess the performance (accuracy, robustness, efficiency, etc.) of the proposed shape descriptor, the molecules are downloaded from the Database of Macromolecular Movements (www.molmovdb.org) [11] , and are grouped into four families with different deformations. In particular, 8 molecules are selected: 1L5B and 1L5E in the cyanovirin-N group, 1A67 and 1CEW in the Cystatin group, 1HDN and 1PFH in the Histidine-Containing Phosphocarrier Protein group, and 1DKR and 1DKU in the Prpp synthetase group, as shown in Fig. 3 . In order to distinguish molecules in different groups, we render the surface in the four groups in red, green, blue and cyan respectively. Different kinds of deformations are taken in different groups. In order to compare the shape descriptors for these molecules, we plot the shapeDNA, contrasted shapeDNA and magnitude of DFT of contrasted shapeDNA for each molecule in Fig. 4 . The vectors of every molecule are plotted in the same color of the corresponding molecule in Fig. 3 , so that we can easily distinguish vectors in the same group and of different groups.
From Fig. 4 we can see that it is not intuitive to use shapeDNA for measuring the similarity between the molecule surfaces because all the eight shapeDNAs have the same trend fitting a straight line and have little difference. On the contrary, the contrasted shapeDNAs and magnitude of DFT of contrasted shapeDNAs can measure the similarity of the molecules well. For example, the contrasted shapeDNAs of the two molecules in each group are very close to each other. In Fig. 4 (C) , most of the energy of the curves are seen in several low frequency coefficients, which can be used as a compact shape descriptor. In fact, we take only the 5 lowest frequency coefficients as the shape descriptor.
In order to show the capability of magnitude of DFT of contrasted shapeDNA for shape description, we plot the 1-D multidimensional scaling(MDS) of the magnitude of DFT of contrasted shapeDNAs of the The shapeDNA, contrasted shapeDNA and magnitude of DFT of contrast shapeDNA for all the molecules. These feature vectors are rendered using the same color of the corresponding molecule in Fig. 3 . The shapeDNA has weak capability for shape similarity measurement, while contrasted shapeDNA and magnitude of DFT of contrasted shapeDNA can measure the similarity of molecules in the same group and distinguish molecules in different groups well. From DFT of shapeDNA, most of the energy are contained in several coeflcients, using which we can describe the shape well.
8 molecules. As mentioned in Algorithm 1, we only take the m lowest frequencies of the DFT for the MDS plotting. Here we take m as 5. The result is shown in Fig. 5 . From Fig. 5 we can see that the points of the molecules in the same group are close, and points of molecules in different group can be discriminated well. 
(I) (J) To test the influence of the smoothness of a surface on the shape descriptor, we add random noise to the models, compute and compare the contrasted shapeDNA for each model. The results are shown in Fig. 6 . The random noise is added in the following way: move each vertex in the models along the vertex normals with a random noise up to a maximum distance of 0.01L, where L is the length of the diagonal of the bounding box of the model. The noisy models (A-H) together with the contrasted shapeDNA(I) and DFT magnitude of contrasted shapeDNA(J) are put into a single figure Fig. 6 . It is interesting to see that the contrasted shapeDNA and DFT magnitude of contrasted shapeDNA can group and distinguish the noisy models well, although the smoothness of the shapes does affect the shape descriptors.
To demonstrate the influence of different surface types on the result of describing shape, we generate the VDWs, SAS surfaces of each molecule, and plot the surfaces and the DFT magnitude of the contrasted shapeDNA for each type of surface. The results are shown in Fig. 7 and Fig. 8 respectively, from which we can see that the SAS surfaces can be distinguished better than the vdWs surfaces. This means that the proposed shape descriptor may not perform well if too many different details are seen between the shapes.
(I) To illustrate the ability of our method on describing shapes between molecules, we apply the algorithm on 128 molecules which are classified into 47 groups. The saliency matrix is shown in Fig. 9 . The (i, j)-th element of the matrix is defined as the Euclidean distance between the DFTs of the contrasted shapeDNAs of the i-th and j-th molecules. The values of saliency matrix is stretched into [0, 255] and mapped to a color-map for visualization.
Software Development
Our group has developed a graphical user interface (GUI), called BIMoS (or Biomedical Image-based Modeling and Simulation), written in C++ programs on top of the popular graphics library OpenGL. As shown in Fig. 10 , the BIMoS toolkit consists of four modules for different applications: Molecule, Image, Model, and Simulation. Most related to the current work is the Molecule module that takes a PDB file as input and generates high-quality surface and tetrahedral meshes. The shape descriptor and other associated algorithms
(I) for shape comparison and matching will be implemented and incorporated into the Molecule module in this toolkit. Together with other existing functions in BIMoS, such as mesh generation from image volumes and surface and volumetric mesh processing and quantifications, the new development in this toolkit will be an important addition to the molecular modeling community. The BIMoS toolkit, in particular the algorithms implemented in the current work, will be made freely available to the public.
Conclusions
In this paper, we describe the approaches to generating surface meshes and comparing shapes for biomolecules. The mesh-generating algorithm is based on a list of segments that collect the exact intersection points between molecular atoms and grid lines in a background volume mesh. The list-based method is efficient, accurate and fact enough to capture the surface model of a molecule. The generated surface mesh is then used to construct a compact shape descriptor for a molecule. Thanks to the isometric-invariant property of the L-B operator, the proposed shape descriptor is able to distinguish between molecules of different (nonisometric) shapes, while grouping together the molecules with isometric shape deformations. We expect that the proposed algorithms along with the toolkit with a nice graphical user interface would be useful for those interested in molecular mesh generation, shape analysis and retrieval. 
